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Abstract
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| Intr oduction

Multiuserdetectionin codedivision multiple acces§CDMA) systemdhasbeena topic of intenseresearch
for morethana decadd1]. Serveral criteriahave beenusedfor designingmultiuserdetectorsanda par
ticularly appealingoneis to minimize the mean-squaredrror of the symbolestimatest the outputof the
detectar Whenthe detectoris further constrainedo be linearwe obtainthe linearminimummean-squared
error (LMMSE or simply, MMSE) detectof2]. Equivalently the MMSE detectoralsomaximizesthe out-
putsignal-to-interfenaceratio (SIR) over the classof lineardetectorsin addition,it allows for anadaptve

implementatiorf3]. Hence the MMSE detectothasbeena subjectof considerabletudy

Detailed performanceanalysisfor the MMSE detectorwas rst consideredn [4]. The spreadingse-
guencesvereassumedo be arbitrarybut x ed, andthe Gaussianityof the multiaccessnterferenceat the
outputof the detectorwas analyzedundervariousasymptoticscenarios.A more promisingapproachfor
analysiswasintroducedin [5, 6]. Here,the spreadingsequences/eretreatedasindependentandomvec-
tors,andlimits of thesignal-to-interferece ratio (SIR) andcapacitywerestudiedasthenumberof userq )
andthe processingyain( ) tendto in nity with theratio approaching constant.Thelimitation of
theanalysign [5, 6] is thatit is restrictedo thesituationwheretheusersaresymbolsynchronousln [7], the
SIRanalysif [5] wasextendedo thecasenvheretheusersaaresymbolasynchronoubut chip-synchronous,

i.e.,thedelaysof all the usersarealignedto the chip timing.

While it allowsfor accuratdarge systemanalysisthesynchronousr chip-synchronouassumptionms not
realisticfor thereceved signalon thereverselink of a cellular CDMA systemgespeciallywith mobility of
eachuserandtheresultingvariationsin thedelay Thus,we would like to allow the usersto be completely
asynchronousi.e., symbolaswell as chip-asynchronousAnalysis of the MMSE detectorwith random
spreadingsequenceandcompletelyasynchronousserswasconsideredn [8]. However, the performance
measurevasthe averagenearfar resistancef the detectorandboundswere obtainedon this quantityfor
nite  and . Furthermoretheanalysisreliedontheassumptiorthatthe chip waveformwaslimited to a

chipintenal.

In this paper we allow the usersto be completelyasynchronouandconsiderSIR at the detectoroutput
asthe performancemetric. We alsoassumehatthe systememploys the ideal bandlimited(andhence of
in nite duration)sinc chip waveform. For single-usenarravbandsystemsthe sinc waveform maximizes
thesignalingratewhenthesymbolwaveformsareconstrainedo have agivenbandwidthandnointersymbol

interferencd9]. In spread-spectrusystemswe have anadditionaldegreeof freedom sincethe processing



gainof the systemcanbe variedwith the excessbandwidthof the chip waveformto keepthe symbolrate
and occupiedbandwidth x ed. In sucha framawvork, the sinc waveform maximizesthe processinggain
sinceit haszeroexcessbandwidth. For the matched- Iter (MF) detector the maximumprocessinggain
alsoresultsin the maximumoutput SIR acrossall waveforms[10, 11]. Hence,practical CDMA systems
(e.g.,[12]) employ waveformsthathave anapproximatelyat spectrunoverthebandof operation.Similar
obsenrationshold for the MMSE detectoraswell, althougha formal proof of the optimality of the sinc
waveformappearso beopen[13]. Basedontheabove remarksthesincwaveformcanbe consideredo be
abenchmarHkor bandlimitedsystemsHence analysisof the MMSE detectowhentheusersarecompletely
asynchronouandemplog the sinc waveformis of muchinterest,from a theoreticalaswell asa practical

viewpoint.

Il Systemmodeland MF detection

We considera DS/CDMA modelwith userswherethereceved complex basebandignalis givenby
1)
where is the signaltransmittedoy user
B (2)
Thenotationusedin theabove equationss asfollows. The quantity issymbol of user , and

is its spreadingvaveform. Here and arethe symbolandchip periods,respectiely, and
is the processingyain of the system.As discussedn Sectionl, we assumehroughouthat is thesinc

chipwaveformthatis normalizedo have unit enegy. We denotethis speci ¢ waveformby

where —. Furthermore, and are,respectrely, the carrierphaseoffset, delayand
symbolenegy of theuser . Finally, is azeromeanpropercomplex Gaussiarprocesswith two-sided

power spectradensity ,i.e.,

Sincethesincfunctionis of in nite duration,we have allowedtheobserationintenal for the continuous

time CDMA signalto bein nite. In addition,we malke thefollowing assumptionshroughouthis paper
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Thedelays arenormalizedto the chip period andtake on real valuesin . When is

restrictedto be aninteger, the usersarechip synchronousin particular when , theusers
aresymbolsynchronous.
Thedesiredusercorrespond$o , andthetiming referencetthereceveris synchronizedo the

desireduser sothat

The chips are modeledas comple i.i.d. variance randomvariables,with nite fourth

momentsIn addition,the symbolsaremodeledasi.i.d. zeromean,unit variancerandomvariables.

We bagin with areview of the analysisfor the corventionalmatched- Iter (MF) detector{10]. The de-
siredsymbolof user istakentobe . The MF statisticis thenobtainedthroughcorrelationwith the

correspondingpreadingvaveform

3)
The performancemetricusedis the signal-to-interfenece Ratio (SIR, ) attheoutputof the detector With
thematched- lter the SIR for isde nedas

E E
Var

(4)

wherethe expectationis taken over the sequencesf all the usersandthe symbolsanddelaysof theinter

ferers.If thedelays aremodeledo be uniformin , then,for a generakhip waveform (see
[10D),
— (5)
where — with beingthe Fourier transformof . It is alsoshavn in [10]
that, if is limited to a bandwidth , the sincwaveform with — minimizesthe quantity
. Thus,underequalbandwidthandsymbolrateconstraints, maximizeshe outputSIR
of the MF detector(seealso[11]). In addition,when , we have , and

It canbe easily seenthat the abore SIR is the sameasthat obtainedin a symbolsynchronousystem

(i.e., ), with  users,processinggain  andi.i.d randomspreadingsequencesWe refer to



this equalityasthe equivalenceresultfor the MF detector We will be interestedn establishinga similar

equialenceresultfor MMSE detectionin theremaindeof the papert

For this purposeit is of interestto notethatthe equivalencefor the MF detectotholdsevenwhenwe do
not averageover the delaysof the asynchronouterferers.With ~ x ed,thevarianceof theinterference

in theasynchronousasetakeson theform

andthe equivalencefollows immediatelyfrom the following key propertyof the sincwaveform:

(6)

We alsonotethatthe above equivalenceis obtainedfor a nite systemwith SIR in (5) de ned through

anaverageoverthespreadingequencesilternately we canobtainthe equivalencewithout averagingover

thesequencesither but underthelarge systemasymptoteof with
Resultl. If arei.i.d randomvariablesacross and ,with zelo meanandvariance , theSIR
corvergesin meansquae to thatin the symbolsyndironouscaseas with

Theresultcanbe provedin a straightforvard mannersingtechniquesimilar to thoseusedin [7], along

with the property(6) abore. We now considetthe equivalenceresultfor linear MMSE detection.
Il MMSE detector: Problem formulation

In formulatingthe SIR problemfor MMSE detectionwe needto considera few additionalissuesandmale
appropriateassumptions.While it is possibleto derive the MMSE detectorwith anin nite sequencef

symbolstransmittedby eachuser the analysisappeardif cult. Hence,we assumehat the desireduser

transmitsonly  symbols,indexed from to . Notethat,undertheideal sincwaveform
assumptiongachsymboloccupiesanin nite time duration. However, with delay , we canthink
of eachsymbol as correspondingo the intenal . Furthermore we assumethat

, andthe symbolof interestis takento bethe , which “occurs'at the centerof theintenal

11t canalsobeseerthatthe SIRin thesymbolandchip-synchronousasesreequalfor theMF detector Howeverthedistinction
betweerthesetwo caseswill beimportantfor the MMSE detector



Sincetheinterferersareasynchronousye assumehat symbolsaretransmittedoy eachinterferer
with anadditionalsymbol? “occurring' attheleft of theintenal . Theinterferingsymbolsof user
areindexed from to . Hence the analysiscanbe thoughtof ascorrespondindo a

multi-shotdetectoroveran -symbolobseration.

For corveniencdn notationwe now reindex thesymbolsin (1) by usingasingleindex

Sincethereareatotal of symbolswe have

where,for , , and . For

furthersimpli cation, we alusenotationslightly anddroptheprimesin  to have

(7)

Thus,wethink of asindexing effective userswith theimplicit understandinghatacrosshe symbols
of thesameactualusertheamplitudes areequalandthedelays arerelatedthroughlinearshifts. With

theabore reinding, the desiredsymbolbecomes andthe rst interferingsymbolbecomes

The MMSE detectorfor  is morecorvenientlyexpressedandanalyzedn the discrete-timedomain. It
is possibleto generate  discretesufcient statisticsby correlatingwith the spreadingvaveformsof each
symboltransmittecby eachuser Thesestatisticsaresufcient for joint detectionof all the symbolsof all
theusers We canthenderve thelinearMMSE detectotbasednthesecorrelationstatistics. Thecorrelation
approachwasusedto analyzethe MMSE detectorin [4, 6] for the symbolsynchronougase.However, for
the completelyasynchronousase analysiswith this approachagainappeardlif cult. Insteadwe assume
that discretestatisticsare generatedy samplingthe outputof a chip-matchedlter onceevery chip

intenal.

(8)

This approachto obtainingthe discretesystemmodelis followed in the MMSE analysisin [5, 7]. Note

thatthe statisticsgeneratedresufcient only underthe assumptiorof synchronousndchip-synchronous

2We could have includedthis additionalsymbol for the desireduseraswell. But we chooseto ignore this symbolsinceit

simpli es thenotationanddoesnot affect theanalysis.



users,andarenot sufcient in the generalasynchronousase[14]. In particular with the sinc waveform
assumptionthe abore samplingrateis equalto the Nyquistrateandthelossin sufciency is dueto thefact
thatwe have restrictedourselesto a nite numberof statistics.However, we expectthelossin sufciency
to goto zeroas , sincethe sincfunctionswould thenspanthe receved signal. In the analysis
below, we derive the MMSE detectorfor  basedon the obseration in (8), and considerary lossin

sufciency to beapartof the suboptimalityof the detector

Now, sincechip-matchedltering is a linear operation the discretesystemmodelis additive acrosshe

transmittedsymbols,andwe have

9)

where is azero-mearwhite Gaussiarvectorwith variance ,and is avectorof length
with components
Thisimpliesthat

(10)
where isthei.i.d spreadingsequencef effective user , and
Here is theautocorrelatioriunctionof thechip waveform. In general,
isan Toeplitzmatrix thatinvolvesonly thecorrelationfunction ~ andthedelay . Forthesinc
waveform, . For brevity in notation,we denotethe matrix by , sothat

(11)

Basedon in (9),thelinearMMSE estimatefor  is givenby [2]

(12)

where and is the matrix of interferingvectors.

For x edspreadingsequenceshe SIR achieved at the outputof the MMSE detectoris de ned analogous
to (4) andcanbewrittenas
(13)



Theproblemthenis theanalysiof theabose SIRin theasynchronousystemandits relationto chip/symbol
synchronousystemsClearly the SIR is independenof the phase®f the usersandwe cansetthe phases

to zerowithout affectingthe analysis.

IV MMSE detector: SIR analysis

Following thework in [5, 6], we modelthesequences to bei.i.d. randomvectorsandconsiderthelarge
systemasymptotewherethe numberof users( ) andthe processinggain( ) arescaledto in nity with

. Now, the asymptoticanalysisin [5, 6] relieson the conditionthat the sequencersector

hasi.i.d. entries. For the symbolsynchronousase,we only needto considerone symbol per user and
we have . Thus,therequiredi.i.d conditionis immediatelysatis ed. In 7, the
conditionon is relaxed to having independenéntriesconditionedon thedelay . This requiremenis
satis edin the chip-synchronousituation,sinceeachentryin  is eitherequalto zeroor anentryin the
correspondingpreadingsequence . However, whentheusersarecompletelyasynchronoughe elements
of areneitheri.i.d norindependenivhenconditionedonthedelay , ascanbeseerfrom (10). Hencejt

appearshatstandardesultsfrom randommatrix theorycannotbe appliedto computethe asymptoticSIR.

Our approacho the asynchronougroblemis to considerthe speci ¢ casewhereall the usersemploy
thein nite durationsinc waveform, . As discussedn Sectionll, the sinc waveformis optimal for
the MF detectoranduseof this waveformallows usto establishanequivalencebetweerasynchronouand
(symbol)synchronousystemdor the MF detector Thekey propertyof the sincwaveformunderlyingthis
equialenceis (6). To establisha similar equivalencefor the MMSE detectorthe key propertyrequiredof

thesincwaveformis lessolviousandis statedn Lemmal belov. We rst give thefollowing de nitions:

De nition 1. Forgiven and ,andaninteger ,thechip-synchronoumatrixis de nedas

where isasde nedin (11). Furthermoge, the partialidentity matrix of size isde nedas

Since isaninteger, it canbeseerfrom (11)thattheentriesof arezerosexceptalongthediagonal
, andthe entriesalongdiagonal areall equalto . Here,the maindiagonalis indexedas , andthe

index is positive above the main diagonaland negative belav it. Consequently is a



diagonalmatrix with a string of onesalonga partof the maindiagonalandzeroselsavhere.

and

Let , Where isthedelayof symbol ,and isitsintegerpart. By De nition 1, thevector
is alength vectorobtainedwhenthe symbolis chip-synchronousiith delay . Thus,if we
canreplaceghematrix in (10) by for each , we obtainthechip-synchronousystem.To obtain
anequialencewe thusneed to be closeto . The preciserequirements givenin termsof the

partialidentity matrix by thefollowing lemma:

Lemmal. Letthedelay , Wwhee and . Then, and
becomesquivalentas increaseswith appmoading a constant
whee ~ is theFrobeniusnormof a matrix

Proof. Theproofessentiallyinvolvesgettingboundson eachof the elementsn

In additionto (6), we make useof thefactthat
andary integer

SeeAppendixA for thecompleteproof. O

Notethatthe lemmaholdsfor all valuesof fractionaldelay . Also, notefrom the proofin AppendixA
that doesnot goto the partialidentity matrix elementwisesincesomeof the elementsn
the differenceremain nite for all . However, the contritution of theseelementdo the Frobeniusnorm

becomesgligible whendivided by

We arenow in a positionto provide our mainresult,which is that the equivalenceresultcanindeedbe
obtainedby using the propertyof the sinc waveform statedin Lemmal. While it is possibleto prove
this resultfor a generalvalueof , we begin with the one-shotscenario ) for simplicity
in exposition of the proof. We assumethat the actualsymbolenegies , are boundedfor

, andtheirempiricaldistribution convergesto a x eddistributionin thelarge systemasymptote.
Similarly, the actualdelaysnormalizedto the symbolintenal, for , have an

empiricaldistribution thatconvergesto a x eddistrikution.
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Theorem 1. As with , the SIR  of the one-shotMMSE detectorconvergesin

mean-squato theasymptoticSIRfor the one-shothip-syntironoussystenderivedin [7].

whese
EE

with ——. Theexpectationis overthelimiting empiricaldistributionsof and

Proof. The proof of thetheorenrelieson arepeatedpplicationof the matrix inversionlemmaalongwith
Lemmal for eachinterferingsymbol.In particular theproofdoesnotrely onary averagingoverthedelays.

SeeAppendixB. O

The prooftechniquesxtendsto the multi-shotscenariq ), with anappropriatenodi cation of the

initial stepsin the proofof Theoreml.

Proposition1. For themulti-shotdetectorthe SIRof symbol , , cornvemgesin mean-squarto the SIR

for the multi-shotchip syndironoussystenderivedin [7].

Proof. SeeAppendixC. O

Now, as , the averageSIR of the chip synchronousystemis knowvn to corverge to the SIR for
the symbolsynchronousystem[7]. Theabore equivalenceresultsthenleadusto concludethefollowing:
the SIR of the MMSE detectorin the asyntironoussystencorvemges, as  increases;to the SIRin an
equivalensymbolsyntronoussystemBY equivalent,we meanthatall parametersexceptthedelaysof the

usersarekeptthesamen bothsystems.

Finally, the theoreticalresultsand obserationsabove are easilyveri ed throughnumericalsimulations
for a nite systemasshavnin Fig 1. Thevalueof issetat , andresultsareshavn for the one-shot
detector( ) andfor . The SIRwith symbolsynchronousiserss alsoshavn. As expectedwe
seea goodmatchbetweernthe asynchronouandchip-synchronousasesandnotethatthe SIRsapproach

thatin thesymbolsynchronougsaseas increases.
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Figure 1: Asynchronougperformance

V  Conclusions

We have considerednalysisof MMSE detectionn anasynchronousystemwith randomspreadinglUnder
theassumptionthatthe chip waveformis theidealsincfunction,we have shavn thatthe SIR is the sameas
thatin anequivalentchip-synchronousystemfor ary x edwindow size. As thewindow sizegoesto

ourresultsimply the SIR is the sameasthatin the symbolsynchronousnalysis.

Now, the sinc chip waveform maximizesthe processingyainfor a given symbolrateandbandwidth.We
conjecturehatthis factwould make the sincwaveformoptimalfor the MMSE detectorover all chip wave-
forms,in thesensef maximizingthe SIR underequalsymbolrateandbandwidthconstraints Furthermore,
practicalCDMA standardsisechip waveformsthathave approximatelyat spectrumHence asystemem-
ploying the sinc waveformis a naturalbenchmarkfor asynchronousnalyses.Sincewe have proved that
sucha systemis equivalentto a synchronoussystem,our resultsprovide a justi cation for synchronous

randomsequencanalysedor asynchronoubandlimitedCDMA systems.

To formally establisithe optimality of the sincwaveform, it maybe necessaryo analyzethe SIR with a
generakhip waveform. Thisappears$o beamoredif cult problemandcouldbeasubjectfor furtherstudy
It would alsobeof interesto studyequivalencefor otherdetectorsnotablythedecorrelatingletector While
thedecorrelatingletectorcanbe obtainedasthelimit of the MMSE detectoras , our proofrelieson
boundsnvolving — andwould notbeapplicablefor thedecorrelatorlt seemspossiblethattheequivalence

holdsquitegenerally perhapdor the classof detectorsonsideredn [15].
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A Proofof Lemmal

Let , and . Throughouthe proof, is kept

x ed,andhencethedependencef and issuppressedie have

andwe needto shav that

We do the estimationof the Frobeniusnorm alongthe diagonalsof . The elementsof

alongdiagonal aregivenby

where and . We canwrite out as

where .

To getboundsonthediagonaklementandtheir contritution to the Frobeniusiorm,we usethefollowing

result: For integers , afraction anda positve, monotonedecreasindunction , we
have
Applying thisinequalityto thefunctions and , we have, for and
(14)
Since is a symmetricmatrix, we only needto considerthe upperhalf correspondindo
and . In addition, we divide the upperhalf into threeseparate
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classes:(i) the main diagonal, ; (i) the rst N off-diagonals, ; (iii) the remaining

diagonals,
A.1Main diagonalelements,

Along the main diagonal,the entriesare positve andcloseto between and ,

andcloseto zerootherwise.Hence,we further split the diagonalelementsnto threegroups:

and . Notethatsomeof the setsmay be emptydependingn the value
of , sincewealsorequire to bebetween and . But this doesnot affecttheanalysis.
For , we have and,using(14),
For , we have and
For theintermediatendex set , we have and sothat

wherewe have usedthe factthat

Consequently

Note that we have ignoreda x ed numberof nite termsaroundthe transitionpoints and
in the above estimation.The numberof suchtermsremainsnite as  increasesandhencethey

canbeboundedby an term. Combiningthe abore bounds the contritution of the diagonalelements
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to the Frobeniushormis

Thus, the main diagonalelementsyield an termto Tr , and the contrilution to

— goesto zerowith

A.2 Off-diagonalelements, and

Broadly, the off-diagonalelementsare nite but small. For , We canwrite as
Since , therearealways termsin the summationSince , someof thetermscancel
toyield

Notethat goesfrom to aswe maove down diagonal . Hence, goesfrom
downto . We againconsidemifferentgroupsof elementsalongdiagonal , eventhough

someof thegroupsmaybe emptyfor givenvaluesof and .

Casel, : We have and , Sothat

wherewe have used(14). The correspondingontritution of this group of elementson diagonal to the

14



Frobeniusormis

Now, for ary ,

wherewe have againused(14) alongwith the monotonicityof the  functionandtheinequality

. Noting that , We cangetalooseestimateas

Finally, summingup acrosghe diagonals( to ) we seethatthetotal contritution of suchelements

canbeat most , Which goesto zerowhenwe divide by

Case?2, but : We have . Hence,

The secondterm can be boundedby a logarithmic quantity asin Casel above, sincethe summationis
over positive indices. The summationin the rst termis over both positve and negative indices. Hence
we distinguishbetweenthoseindicesthat have a negatve counterpariandthosethat do not. With

, we have

- - - (15)

15



for some andaconstant independenof or . (If , thesignfor is ,and

otherwise.)

Thesum(over ) of thesquare®of thesecondermin (15) canbeboundedasin Casel above. Sincewe
have atmost termsalongdiagonal thatfall underCase2 considerediere,the sumof the squaref the
rst termsin (15)is lessthan

Hence summingacrosghediagonalg to ) givesanestimateof the from thissetof terms,

which againgoesto zerowhendivided by

We have now coveredall the boundingtechniquesnvolved for . The amgumentscanbe carried
throughto othergroupsof elementsalongeachdiagonale.g., but etc.andwe getan
overall estimateof fromthe rst  diagonals.

A.3 Off-diagonalelements,

When , we have

andthetermsdo notcancel.Instead eachelementondiagonal canbeboundedas

The numberof termsin eachsummationis . Hencethe estimationtechniquedor the case in
sectionA.2 above would hold, with the modi cation that - would be replacedby —.

Consequentlythe contritution to the Frobeniushormwould involve, for some

wherethelaststepfollows since . Finally, summatiorof acrosghediagonaldrom to

is boundedby , Wwhich would yield an estimateof on

Hence the contrikution of this partalsogoesto zerowhendividedby , andwe have thedesiredresultin
Lemmal:
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B Proof of Theorem1

We will needthefollowing resultfrom [16].

LemmaZ2. [16, Lemmal4] Suppose are i.i.d randomvariables,ead with zeo-meanyvari-
ance and a nite fourth moment.Let bea constantHermitian matrix. De ne the
vector , Where are deterministic

andreal-valued.Then

E .
and _—

whele is the spectal radius (or maximumeigervalue) of , the constant  dependsonly on the
fourthmomenbf and ,and

Proof of Theorem 1

We begin with the SIR expression
where and isthe matrix correspondingo the effective spreadingsequencef
theinterferingvectors.Sincewe have assumed , we have is theidentity matrix. Hence,
where . Thevector isavectorof length with i.i.d entriesof zero-meanyariance

anda nite fourth moment. Also, notethat —. Hence,applyingLemma2 with and
, corvergesin mean-square — —Tr . We denotethis cornvergenceas

—Tr

Now, we needto prove that —Tr corvergesto the samelimit asin the chip synchronougase. In
otherwords,we needto prove thatthefractionaldelaysof theinterferingsymbolscanbesetto zerowithout
affecting the limit. We prove this by applying the matrix inversionlemmafor eachof the symbol
vectors(indexed from to ) in aniteratve manner Let , Wherethe

matrix is formedby removing the rst interferingsymbolvector from . Also, let for

17



. Then,by the matrix inversionlemma

Tr Tr
Tr
Tr
Tr —
— Tr
where
Tr (16)
— Tr
Furthermoreif , we notethatthe rst termin theRHS of (16) canbewritten as
Tr Tr
T T
Tr
- — Tr
where
Tr Tr 17
o — Tr B —Tr (17)
Finally, we de ne
Tr 18
a —Tr (18)

where is avectorof length independenof, andidenticallydistributedas . Notethatthede nition

of is similar to thatof in (16),exceptthat isreplacedoy and isreplacedy

Puttingthe above equationgogetherwe have

—Tr —Tr — —

—Tr .

wherethe and is obtainedby replacingthe rst columnin by acorrespond-
ing chip-synchronousector

Repeatingheabove procedurdor eachof the  vectorsin , we have
—Tr —Tr —
—Tr
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where and arede ned atstep , analogoudo therespectre de nitions in (16) - (18). Also,
notethat is obtainedby removing column  from , With and . Thus,

is the matrix formedwhenall the interfering symbolsare chip synchronous.Now, —Tr and
—Tr converge to the SIRsin the asynchronousind chip-synchronousasesyespectiely. Hence,the

remainingtaskis to shav that  convemgesto zeroin mean-squaras , with

From(16),we have
Tr

—Tr

where and . Note that — . In addition, if
is bounded , it canbe showvn that and have boundedspectralnormswith the boundbeing

independendf . Consequentlyby Lemma2,
—Tr —Tr (19)

This corvergence alongwith the factsthatthe spectralnorm of is boundedandthefunction —

for , Imply themeansquarecorvergenceof to zero.Speci cally, we have
— (20)
where isaconstanindependendf aswell. Thesameboundwould alsohold for E
The nal estimatewve requireis for . From(17),we have
Tr Tr
o - Tr o —Tr
where istheintegerpartof . IngeneralsinceTr is aninnerproductfor matrices and
, we have
Tr o
where  denoteghe Frobeniusnorm. Consequently
—Tr —Tr —_—— (21)
and
—Tr —Tr —_
Again, sincethe function —, the randomvariable —Tr andthe symbolenepgies  are
boundedwe have
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for someconstant independenof aswell. We now applyLemmal to notethatthe RHS goesto zero
for all realizationsof thedelays . Hence we have that corvergesto zeroin meansquare

forall . More preciselyfrom the proof of Lemmal

E N (22)

Finally, using(20) and(22), we have

as

The proof of propositionl is complete. The implicit equationfor the asymptoticSIR is thenasderivedin
7.

C Proof of Proposition 1

Theproofof Theoreml reliedonthe one-shoassumptiommostimportantlyatthe rst step,viz, in reducing

theSIR tothetraceof thematrix . When ,we have

The symbolsof the desiredusercorrespondo . Notethat, sincewe aresynchronized

to userl, thereis no intersymbolinterferencebetweersymbolsof the desireduser Hencethematrix is

the samefor , andinvolvesthe effective spreadingvectorsof all the symbolsof all the
interferers Furthermorethevector is of length andcanbewrittendown as ,
wherethenon-zercentriesgo from theindices to for symbol , . Hence,
applyingLemmaz2 with and for all , the SIR for symbol is givenby

Thus,the SIR reducego a partialdiagonalsumandnottraceof the matrix. Forary , the rst interfering
symbolcorrespondsotheindex , andhastheeffective spreadingector . De ne

, Where is formedby remaving thevector . Applying the matrix inversionlemma,we then
have

20



whichimpliesthat

Now, we partition into  submatricesf size
where is formedby choosingthe columnsfrom to . Since is symmetric,it
is easyto seethat
and

(23)
Theform of (23) is similar to thatin the one-shotaseexceptsthatthe matrix is replacedoy
thematrix . Theonly propertyof requiredin theproofof Theoreml is thefactthatits
spectrahormis uniformly boundedor all  in obtaining(19)and(21). Sincethematrices
arepositive de nite, we immediatelyhave
Thus,thespectrahormof is uniformly boundedaswell. Theremainingstepsn the proof

of Theoreml, viz. thede nitions (16) - (18) andthetechniqueso boundthem,cannow becarriedthrough.

In particular notethatthe applicationof Lemmal holdswhen aswell.
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