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Abstract
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I Intr oduction

Multiuserdetectionin codedivision multiple access(CDMA) systemshasbeena topic of intenseresearch

for morethana decade[1]. Several criteria have beenusedfor designingmultiuserdetectors,anda par-

ticularly appealingoneis to minimize themean-squarederrorof thesymbolestimatesat theoutputof the

detector. Whenthedetectoris furtherconstrainedto belinearweobtainthelinearminimummean-squared

error(LMMSE or simply, MMSE) detector[2]. Equivalently, theMMSE detectoralsomaximizestheout-

put signal-to-interferenceratio (SIR)over theclassof lineardetectors.In addition,it allows for anadaptive

implementation[3]. Hence,theMMSE detectorhasbeenasubjectof considerablestudy.

Detailedperformanceanalysisfor the MMSE detectorwas �rst consideredin [4]. The spreadingse-

quenceswereassumedto bearbitrarybut �x ed,andtheGaussianityof themultiaccessinterferenceat the

outputof the detectorwasanalyzedundervariousasymptoticscenarios.A morepromisingapproachfor

analysiswasintroducedin [5, 6]. Here,thespreadingsequencesweretreatedasindependentrandomvec-

tors,andlimits of thesignal-to-interferenceratio(SIR)andcapacitywerestudiedasthenumberof users( � )

andtheprocessinggain( � ) tendto in�nity with theratio ����� approachinga constant.Thelimitation of

theanalysisin [5, 6] is thatit is restrictedto thesituationwheretheusersaresymbolsynchronous.In [7], the

SIRanalysisof [5] wasextendedto thecasewheretheusersaresymbolasynchronousbut chip-synchronous,

i.e., thedelaysof all theusersarealignedto thechip timing.

While it allowsfor accuratelargesystemanalysis,thesynchronousor chip-synchronousassumptionis not

realisticfor thereceivedsignalon thereverselink of a cellularCDMA system,especiallywith mobility of

eachuserandtheresultingvariationsin thedelay. Thus,we would like to allow theusersto becompletely

asynchronous,i.e., symbolaswell as chip-asynchronous.Analysisof the MMSE detectorwith random

spreadingsequencesandcompletelyasynchronoususerswasconsideredin [8]. However, theperformance

measurewastheaveragenear-far resistanceof thedetectorandboundswereobtainedon this quantityfor

�nite � and � . Furthermore,theanalysisreliedon theassumptionthatthechipwaveformwaslimited to a

chip interval.

In this paper, we allow theusersto becompletelyasynchronousandconsiderSIR at thedetectoroutput

astheperformancemetric. We alsoassumethat thesystememploys the idealbandlimited(andhence,of

in�nite duration)sincchip waveform. For single-usernarrowbandsystems,thesincwaveformmaximizes

thesignalingratewhenthesymbolwaveformsareconstrainedto haveagivenbandwidthandnointersymbol

interference[9]. In spread-spectrumsystems,wehaveanadditionaldegreeof freedom,sincetheprocessing
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gainof thesystemcanbevariedwith theexcessbandwidthof thechip waveformto keepthesymbolrate

andoccupiedbandwidth�x ed. In sucha framework, the sinc waveform maximizesthe processinggain

sinceit haszeroexcessbandwidth. For the matched-�lter (MF) detector, the maximumprocessinggain

alsoresultsin the maximumoutputSIR acrossall waveforms[10, 11]. Hence,practicalCDMA systems

(e.g.,[12]) employ waveformsthathave anapproximately�at spectrumover thebandof operation.Similar

observationshold for the MMSE detectoraswell, althougha formal proof of the optimality of the sinc

waveformappearsto beopen[13]. Basedon theabove remarks,thesincwaveformcanbeconsideredto be

abenchmarkfor bandlimitedsystems.Hence,analysisof theMMSE detectorwhentheusersarecompletely

asynchronousandemploy the sinc waveform is of muchinterest,from a theoreticalaswell asa practical

viewpoint.

II Systemmodeland MF detection

WeconsideraDS/CDMA modelwith ����� users,wherethereceivedcomplex basebandsignalis givenby
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is its spreadingwaveform. Here
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���
	 is thesinc

chipwaveformthatis normalizedto have unit energy. Wedenotethisspeci�c waveformby LRQ

���E	 :

L

Q

���
	3�

�

S

�

�UT
V!WYX

Z

�

�

�U[

where
T0V!W\X

�^]_	`�ba�ced

<gf#h

=

fih

. Furthermore,j

�

&��

�

and
9

�

are,respectively, thecarrierphaseoffset,delayand

symbolenergy of theuser 2 . Finally, $
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Sincethesincfunctionis of in�nite duration,wehave allowedtheobservationinterval for thecontinuous

timeCDMA signalto bein�nite. In addition,wemake thefollowing assumptionsthroughoutthispaper.
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� The delays �

�

arenormalizedto the chip period

�

� andtake on real valuesin * ��&

�

1 . When �

�

is

restrictedto beaninteger, theusersarechip synchronous.In particular, when �

�

�����

2 , theusers

aresymbolsynchronous.

� Thedesiredusercorrespondsto 2

��� , andthetiming referenceat thereceiver is synchronizedto the

desireduser, sothat �

�

��� .

� The chips
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J are modeledas complex i.i.d. variance � ��� randomvariables,with �nite fourth

moments.In addition,thesymbolsaremodeledasi.i.d. zeromean,unit variancerandomvariables.

We begin with a review of the analysisfor the conventionalmatched-�lter (MF) detector[10]. The de-

siredsymbolof user � is taken to be
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correspondingspreadingwaveform
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Theperformancemetricusedis thesignal-to-interference Ratio(SIR, � ) at theoutputof thedetector. With

thematched-�lter, theSIR for
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wheretheexpectationis takenover thesequencesof all theusers,andthesymbolsanddelaysof theinter-

ferers.If thedelays�
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aremodeledto beuniform in * ��&
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1 , then,for a generalchip waveform L
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It canbe easilyseenthat the above SIR is the sameasthat obtainedin a symbolsynchronoussystem

(i.e., �

�

�,�-�

2 ), with � users,processinggain � and i.i.d randomspreadingsequences.We refer to
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this equalityasthe equivalenceresultfor theMF detector. We will be interestedin establishinga similar

equivalenceresultfor MMSE detectionin theremainderof thepaper.1

For this purpose,it is of interestto notethattheequivalencefor theMF detectorholdsevenwhenwe do

not averageover thedelaysof theasynchronousinterferers.With �

�

�x ed,thevarianceof the interference

in theasynchronouscasetakeson theform
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andtheequivalencefollows immediatelyfrom thefollowing key propertyof thesincwaveform:
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We alsonotethat theabove equivalenceis obtainedfor a �nite system,with SIR in (5) de�ned through

anaverageover thespreadingsequences.Alternately, wecanobtaintheequivalencewithoutaveragingover

thesequenceseither, but underthelargesystemasymptoteof �

&

���

- with ��������� .

Result1. If

?

<

5)=

�

K

J are i.i.d randomvariablesacross2

&EO and D , with zero meanandvariance � ��� , theSIR

convergesin meansquare to that in thesymbolsynchronouscaseas �

&

���

- with � ������� .

Theresultcanbeprovedin a straightforwardmannerusingtechniquessimilar to thoseusedin [7], along

with theproperty(6) above. Wenow considertheequivalenceresultfor linearMMSE detection.

III MMSE detector: Problem formulation

In formulatingtheSIRproblemfor MMSE detection,weneedto considera few additionalissuesandmake

appropriateassumptions.While it is possibleto derive the MMSE detectorwith an in�nite sequenceof

symbolstransmittedby eachuser, the analysisappearsdif�cult. Hence,we assumethat the desireduser

transmitsonly 	 symbols,indexedfrom D

� � to D

�

	

�

� . Notethat,undertheidealsincwaveform

assumption,eachsymboloccupiesan in�nite time duration. However, with delay �

�

� � , we canthink

of eachsymbol

:#<
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as correspondingto the interval *

D

�

N

&��

D � �

	

�

N

1 . Furthermore,we assumethat

	

��

�

� � , andthesymbolof interestis takento bethe

:U<

��=

�
, which `occurs'at thecenterof the interval
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N

1 .

1It canalsobeseenthattheSIRin thesymbolandchip-synchronouscasesareequalfor theMF detector. Howeverthedistinction

betweenthesetwo caseswill beimportantfor theMMSE detector.
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Sincetheinterferersareasynchronous,weassumethat 	 � � symbolsaretransmittedby eachinterferer,

with anadditionalsymbol2 `occurring'at theleft of theinterval * ��&

	

�

N

1 . Theinterferingsymbolsof user

2 areindexed from D

� �

� to D

�

	

�

� . Hence,theanalysiscanbethoughtof ascorrespondingto a

multi-shotdetectorover an 	 -symbolobservation.

For conveniencein notation,wenow reindex thesymbolsin (1) by usingasingleindex � �
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Thus,we think of � asindexing �
� effective users,with theimplicit understandingthatacrossthesymbols

of thesameactualuser, theamplitudes
�

� areequalandthedelays�

� arerelatedthroughlinearshifts.With

theabove reindexing, thedesiredsymbolbecomes

:

� andthe�rst interferingsymbolbecomes

:

� .

TheMMSE detectorfor

:

� is moreconvenientlyexpressedandanalyzedin thediscrete-timedomain.It

is possibleto generate��� discretesuf�cient statisticsby correlatingwith thespreadingwaveformsof each

symboltransmittedby eachuser. Thesestatisticsaresuf�cient for joint detectionof all thesymbolsof all

theusers.WecanthenderivethelinearMMSE detectorbasedonthesecorrelationstatistics.Thecorrelation

approachwasusedto analyzetheMMSE detectorin [4, 6] for thesymbolsynchronouscase.However, for

thecompletelyasynchronouscase,analysiswith this approachagainappearsdif�cult. Instead,we assume

that 	 � discretestatisticsaregeneratedby samplingtheoutputof a chip-matched�lter onceevery chip

interval.
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This approachto obtainingthe discretesystemmodel is followed in the MMSE analysisin [5, 7]. Note

that thestatisticsgeneratedaresuf�cient only undertheassumptionof synchronousandchip-synchronous

2We could have includedthis additionalsymbol for the desireduseraswell. But we chooseto ignore this symbolsinceit

simpli�es thenotationanddoesnotaffect theanalysis.
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users,andarenot suf�cient in the generalasynchronouscase[14]. In particular, with the sinc waveform

assumption,theabovesamplingrateis equalto theNyquistrateandthelossin suf�ciency is dueto thefact

thatwe have restrictedourselvesto a �nite numberof statistics.However, we expectthelossin suf�ciency

to go to zeroas 	

&

� �

- , sincethesincfunctionswould thenspanthereceived signal. In theanalysis

below, we derive the MMSE detectorfor

:

� basedon the observation 
 in (8), andconsiderany loss in

suf�ciency to beapartof thesuboptimalityof thedetector.

Now, sincechip-matched�ltering is a linear operation,thediscretesystemmodelis additive acrossthe

transmittedsymbols,andwe have
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For �x edspreadingsequences,theSIR achieved at theoutputof theMMSE detectoris de�ned analogous

to (4) andcanbewrittenas
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Theproblemthenis theanalysisof theaboveSIRin theasynchronoussystem,andits relationtochip/symbol

synchronoussystems.Clearly, theSIR is independentof thephasesof theusers,andwe cansetthephases

to zerowithoutaffectingtheanalysis.

IV MMSE detector: SIR analysis

Following thework in [5, 6], we modelthesequences� � to bei.i.d. randomvectorsandconsiderthelarge

systemasymptotewherethe numberof users( � ) andthe processinggain(� ) arescaledto in�nity with

� ��� � � . Now, the asymptoticanalysisin [5, 6] relieson the condition that the sequencevector � �

hasi.i.d. entries. For the symbolsynchronouscase,we only needto consideronesymbolper user, and

we have � �

� �

�

& � � � ��& A A A�&

� . Thus,the requiredi.i.d conditionis immediatelysatis�ed. In * 71 , the

conditionon � � is relaxed to having independententriesconditionedon thedelay �

� . This requirementis

satis�ed in thechip-synchronoussituation,sinceeachentry in � � is eitherequalto zeroor anentry in the

correspondingspreadingsequence�

� . However, whentheusersarecompletelyasynchronous,theelements

of � � areneitheri.i.d nor independentwhenconditionedonthedelay �

� , ascanbeseenfrom (10). Hence,it

appearsthatstandardresultsfrom randommatrix theorycannotbeappliedto computetheasymptoticSIR.

Our approachto the asynchronousproblemis to considerthe speci�c casewhereall the usersemploy

the in�nite durationsinc waveform, L)Q

���
	 . As discussedin SectionII, the sinc waveform is optimal for

theMF detector, anduseof this waveformallows usto establishanequivalencebetweenasynchronousand

(symbol)synchronoussystemsfor theMF detector. Thekey propertyof thesincwaveformunderlyingthis

equivalenceis (6). To establisha similar equivalencefor theMMSE detector, thekey propertyrequiredof

thesincwaveformis lessobviousandis statedin Lemma1 below. We �rst give thefollowing de�nitions:

De�nition 1. For given 	 and � , andan integer O

� , thechip-synchronousmatrix is de�nedas

�
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where
�

is asde�nedin (11). Furthermore, thepartialidentitymatrixof size 	 � � 	 � is de�nedas
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� isaninteger, it canbeseenfrom(11)thattheentriesof
�

�

�^O

�

	

� arezerosexceptalongthediagonal

O

� , andtheentriesalongdiagonalO

� areall equalto � . Here,the maindiagonalis indexed as � , andthe

index is positive above the main diagonalandnegative below it. Consequently,
�

�^O

�

	 is a 	 � � 	 �
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diagonalmatrixwith astringof onesalongapartof themaindiagonalandzeroselsewhere.
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anequivalence,we thusneed
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partialidentitymatrixby thefollowing lemma:
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Proof. Theproofessentiallyinvolvesgettingboundsoneachof theelementsin
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SeeAppendixA for thecompleteproof.

Note that the lemmaholdsfor all valuesof fractionaldelay s . Also, notefrom theproof in AppendixA

that
�

���
�

���

	

�

���
�

���

	

� doesnot go to thepartial identitymatrix elementwise,sincesomeof theelementsin

thedifferenceremain�nite for all � . However, thecontribution of theseelementsto theFrobeniusnorm

becomesnegligible whendividedby
S

� .

We arenow in a positionto provide our main result,which is that theequivalenceresultcanindeedbe

obtainedby using the propertyof the sinc waveform statedin Lemma1. While it is possibleto prove

this resultfor a generalvalueof 	 , we begin with the one-shotscenario( 	

�

�

& � � � ) for simplicity

in expositionof the proof. We assumethat the actualsymbolenergies
9

�

�

�

�

�

, areboundedfor 2

�

�

& A A A�&

�/� � , andtheirempiricaldistributionconvergesto a�x eddistribution in thelargesystemasymptote.

Similarly, the actualdelaysnormalizedto the symbolinterval, �

�

�

���

�

for 2

�

�

& A A A

� � � , have an

empiricaldistribution thatconvergesto a �x eddistribution.
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Theorem 1. As �

&

� �

- with � ��� � � , theSIR �

� of theone-shotMMSEdetectorconverges in

mean-square to theasymptoticSIRfor theone-shotchip-synchronoussystemderivedin [7].

�

V! 
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F&*��

�

�

�

�

H

�

$

�^]�	 � ]

where $

�^]_	 �

9

H

�

�

� � E� E
+

�����

9

&

9

H

&

#

+

�

$

�	�C	 � ��


�

h
�

+

�

���

9

&

9

H

&

#

H

+

$

�	� 	 � ���

�

h
�

+��

with
�

�

9

&

9

H

&

�

	3�

���

�

�

�

�

�
�

. Theexpectationis over thelimiting empiricaldistributionsof �

9

� �

and �

�

�

���

�

.

Proof. Theproof of thetheoremrelieson a repeatedapplicationof thematrix inversionlemmaalongwith

Lemma1 for eachinterferingsymbol.In particular, theproofdoesnotrely onany averagingoverthedelays.

SeeAppendixB.

Theproof techniqueextendsto themulti-shotscenario( 	 � � ), with anappropriatemodi�cation of the

initial stepsin theproofof Theorem1.

Proposition1. For themulti-shotdetector, theSIRof symbol� , �

� , convergesin mean-square to theSIR

for themulti-shotchip synchronoussystemderivedin [7].

Proof. SeeAppendixC.

Now, as 	 �

- , theaverageSIR of thechip synchronoussystemis known to converge to theSIR for

thesymbolsynchronoussystem[7]. Theabove equivalenceresultsthenleadusto concludethefollowing:

the SIR of the MMSEdetectorin the asynchronoussystemconverges, as 	 increases,to the SIR in an

equivalentsymbolsynchronoussystem.By equivalent,wemeanthatall parameters,exceptthedelaysof the

users,arekeptthesamein bothsystems.

Finally, the theoreticalresultsandobservationsabove areeasilyveri�ed throughnumericalsimulations

for a �nite system,asshown in Fig 1. Thevalueof � is setat �


 , andresultsareshown for theone-shot

detector( 	

�

� ) andfor 	

�

� . TheSIR with symbolsynchronoususersis alsoshown. As expected,we

seea goodmatchbetweentheasynchronousandchip-synchronouscases,andnotethat theSIRsapproach

thatin thesymbolsynchronouscaseas 	 increases.
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Figure1: Asynchronousperformance

V Conclusions

Wehaveconsideredanalysisof MMSE detectionin anasynchronoussystemwith randomspreading.Under

theassumptionthatthechipwaveformis theidealsincfunction,wehave shown thattheSIR is thesameas

that in anequivalentchip-synchronoussystem,for any �x edwindow size. As thewindow sizegoesto - ,

our resultsimply theSIR is thesameasthatin thesymbolsynchronousanalysis.

Now, thesincchip waveformmaximizestheprocessinggainfor a givensymbolrateandbandwidth.We

conjecturethatthis factwould make thesincwaveformoptimalfor theMMSE detectorover all chip wave-

forms,in thesenseof maximizingtheSIRunderequalsymbolrateandbandwidthconstraints.Furthermore,

practicalCDMA standardsusechipwaveformsthathaveapproximately�at spectrum.Hence,asystemem-

ploying the sinc waveform is a naturalbenchmarkfor asynchronousanalyses.Sincewe have proved that

sucha systemis equivalent to a synchronoussystem,our resultsprovide a justi�cation for synchronous

randomsequenceanalysesfor asynchronousbandlimitedCDMA systems.

To formally establishtheoptimality of thesincwaveform,it maybenecessaryto analyzetheSIR with a

generalchipwaveform.Thisappearsto beamoredif�cult problemandcouldbeasubjectfor furtherstudy.

It wouldalsobeof interestto studyequivalencefor otherdetectors,notablythedecorrelatingdetector. While

thedecorrelatingdetectorcanbeobtainedasthelimit of theMMSE detectoras �

�

�

� , ourproof relieson

boundsinvolving
H

�

4 andwouldnotbeapplicablefor thedecorrelator. It seemspossiblethattheequivalence

holdsquitegenerally, perhapsfor theclassof detectorsconsideredin [15].
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A Proof of Lemma 1

Let �

F

�

�

��� �

���

	

�

��� �

���

	

� , O

�

� � � �

��� �

and s

� � �

���

�+O

�

( * ��&

�

	 . Throughouttheproof, � is kept

�x ed,andhence,thedependenceof O

� and s is suppressed.Wehave

�
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�7H

�

���

�

���

	�* �
&

2

1

�

���

�

���

	�*

D

&

2

1

F

�

�

�7H

T0V!W\X

�^O

�

�

s

� 2

� �r	

T0V!W\X

�^O

�

�

s

� 2

�

D

	

andweneedto show that
�
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�
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�
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�)�
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	�* �
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1 	

�

��� A

We do the estimationof the Frobeniusnorm alongthe diagonalsof �

F

�

�

�^O

�

	 . The elementsof �

F

alongdiagonal5 aregivenby

�

F

�)�
&��

� 5

	��

�

�
�

���

T
V!WYX

�

2 �

s

	

T
V!W\X

�
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�

� &B����&

:

&

5

	

where� �/O

�

� �

�/� and

:

�/O

�

� �

� � . Wecanwrite out &B���_&

:

&

5

	 as

&B���_&
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5

	 �
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���
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where

?

	

� a�ced

4

< f

	

=

f

4 .

To getboundsonthediagonalelementsandtheircontribution to theFrobeniusnorm,weusethefollowing

result: For integers

?

&
�

� � , a fraction s

( * ��&

�

	 anda positive, monotonedecreasingfunction 


�^]�	 , we

have �

�
�

�

�
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Applying this inequalityto thefunctions � �

] and � �

]

�

, wehave, for

?

�


 and �
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�
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�
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���
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(14)

Since �

F

�

�

F

�^O

�

	 is a symmetricmatrix, we only needto considerthe upperhalf correspondingto

5

� ��& A A A#&

	 �

�

� and � �

�

& A A A�&

	 �

�

5 . In addition,we divide the upperhalf into threeseparate
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classes:(i) the main diagonal, 5

� � ; (ii) the �rst N off-diagonals, 5

�

�

& A A Ai&

� ; (iii) the remaining

diagonals,5 � � .

A.1Main diagonalelements,�����

Along themaindiagonal,theentriesarepositive andcloseto � between�.� O

� and �q� O

�

� �

�

� ,

andcloseto zerootherwise.Hence,we furthersplit thediagonalelementsinto threegroups: ��� O

�

&��q(

�

O

�

& A A A�&EO

�

� �

�

�

�

and �

�

O

�

� � . Notethatsomeof thesetsmaybeemptydependingon thevalue

of O

� , sincewe alsorequire� to bebetween� and 	 � . But this doesnotaffect theanalysis.

For ��� O

� , we have � �GO

�

� �

�/��� � and,using(14),
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For theintermediateindex set �3(
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Consequently
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A

Note that we have ignoreda �x ed numberof �nite termsaroundthe transitionpoints � � O

� and � �

O

�

� � in theabove estimation.Thenumberof suchtermsremains�nite as � increasesandhence,they

canbeboundedby an �

�

�

	 term. Combiningtheabove bounds,thecontribution of thediagonalelements
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Thus, the main diagonalelementsyield an �
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Notethat � goesfrom � to 	 �

�

5 aswe move down diagonal5 . Hence,� � O
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wherewe have used(14). The correspondingcontribution of this groupof elementson diagonal 5 to the
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wherewe have againused(14) alongwith themonotonicityof the
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Finally, summingup acrossthediagonals,( 5
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The secondterm canbe boundedby a logarithmicquantityas in Case1 above, sincethe summationis

over positive indices. The summationin the �rst term is over both positive andnegative indices. Hence

we distinguishbetweenthoseindicesthat have a negative counterpartand thosethat do not. With �
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for some�

�

� anda constant&

	 independentof 5 or � . (If
�

� �

5

�

�

�

� �

�

�

, thesignfor s is � , and �

otherwise.)

Thesum(over � ) of thesquaresof thesecondtermin (15) canbeboundedasin Case1 above. Sincewe

have at most 5 termsalongdiagonal5 thatfall underCase2 consideredhere,thesumof thesquaresof the

�rst termsin (15) is lessthan
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Hence,summingacrossthediagonals( 5

�

� to � ) givesanestimateof the �
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���

�

	 from thissetof terms,

whichagaingoesto zerowhendividedby � .

We have now coveredall the boundingtechniquesinvolved for 5
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� . The argumentscanbe carried

throughto othergroupsof elementsalongeachdiagonal,e.g., � � �
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s

�

5

�

�

2`�

s

�

andthetermsdonotcancel.Instead,eachelementon diagonal5 canbeboundedas

�

&B���_&

:

&
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�

�

?
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����6��

�

2 �
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�

?

	

5
















�

�
�

���

�

2`�

s
















A

The numberof termsin eachsummationis � . Hencetheestimationtechniquesfor the case5

�

� in

sectionA.2 above would hold, with the modi�cation that
�

���I�

�R�

�

�

	 would be replacedby
�

���_�

�q�

F

�

	 .

Consequently, thecontribution to theFrobeniusnormwould involve, for some
�

�

� ,

�

5

�

�

�

�

�7H

�

���

�

Z

� �

�

�

[

�

�

5

�

�

���

�

�

� � �

	

�

�

5

�

�

�

���

�

�

� � �

	

5

�

�

5

wherethelaststepfollowssince5 � � . Finally, summationof � � 5 acrossthediagonalsfrom � �M� to 	 �

is boundedby
�

���_�

	 � ���

	`�

�

���

	 , which would yield anestimateof �

�

�

���

�

�

	 on
�

�

K

�

�

&B���_&

:

&

5

	

�

�

.

Hence,thecontribution of this partalsogoesto zerowhendividedby � , andwe have thedesiredresultin

Lemma1:
�

V! 

F�*

4

�

S

�
-

�

F

�

�

�^O

�

	

-

����A
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B Proof of Theorem 1

Wewill needthefollowing resultfrom [16].

Lemma2. [16, Lemma14] Suppose�

H

& A A A#&

�

� � are i.i.d randomvariables,each with zero-mean,vari-

ance � ��� and a �nite fourth moment.Let � be a 	 � � 	 � constantHermitian matrix. De�ne the

vector �

� * �

H

�

H

& A A A�& �

H

�

�

& �

�

�

�����

& A A A�& �

�

�

�

�

� � �������

& A A A�& �

�

�

���

1

� , where �

H

& A A A�& �

� aredeterministic

andreal-valued.Then

E�

�

�

�

�

�

�

�

�

5

�7H

�

�

5

�

�

�

5

�

�

	

and
�

� ���

�

�

�

�

	
���

H

�_�

�

	

�

�

where ���

�

	 is the spectral radius (or maximumeigenvalue) of � , the constant�

H dependsonly on the

fourthmomentof �

H and �

�

5

�

, and

�

5

�

�

	��

�

5

F

�

�

<

5

6IH

=

F

�

H	�

� �

A

Proof of Theorem1

Webegin with theSIR expression

�

�

�

� �

�

�����

�

� �

�

�

	

6IH

�

�

A

where �

�

�

�

�

�

���

�

	��

� and � is the � �




� matrix correspondingto theeffective spreadingsequenceof

theinterferingvectors.Sincewe have assumed�

�

� � , wehave
�

���

�

	 is theidentitymatrix. Hence,

�

�

�

�

�

�

�

�

�

�

�

�

where�

����� �

�

� �

�

�

	

6IH

. Thevector �

� is avectorof length � with i.i.d entriesof zero-mean,variance

� ��� anda �nite fourth moment.Also, notethat
�

�

�

�

H

�

4 . Hence,applyingLemma2 with 	

�

� and
�

H

�

� , �

�

�

�

�

� convergesin mean-squareto
H

F

�

H

�

�

�

�

H

F

Tr �

�

�

. Wedenotethisconvergenceas

�

�

�

�

�

�

5�
 N�


�

�

�

Tr �

�

�

A

Now, we needto prove that
H

F

Tr �

�

�

convergesto the samelimit as in the chip synchronouscase. In

otherwords,weneedto prove thatthefractionaldelaysof theinterferingsymbolscanbesetto zerowithout

affecting the limit. We prove this by applying the matrix inversion lemmafor eachof the 


� symbol

vectors(indexed from 2

�

� to 


� ) in an iterative manner. Let �

<

H

=

� ���

<

H

=

�

�

<

H

=

� �

�

�

	

6IH

, wherethe

matrix �

<

H

= is formedby removing the�rst interferingsymbolvector �

H from � . Also, let
�

�

�

�

���

�

	 for
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2

�

�

& A A A#& 


� . Then,by thematrix inversionlemma

Tr �

�

�

� Tr �

�

<

H

=

�

�

� �

H

�

�

<

H

=

�

H

� �

� �

H

�

<

H

=

�

H

� Tr �

�

<

H

=

�

�

�

�

H

�

�

H

�

�

H

�

�

<

H

=

�

H

�

H

� �

�

�

H

�

�

H

�

�

H

�

<

H

=

�

H

�

H

� Tr �

�

<

H

=

�

�

�

�

�

�

H Tr �

�

�

H

�

�

<

H

=

�

H

�

� �

H

F

�

�

H Tr �

�

�

H

�

<

H

=

�

H

�

���

&

H

where

�

&

H

�

�

�

�

�

H Tr �

�

�

H

�

�

<

H

=

�

H

�

� �

H

F

�

�

H
Tr �

�

�

H

�

<

H

=

�

H

�

�

�

�

H

�

�

H

�

�

H

�

�

<

H

=

�

H

�

H

�)�

�

�

H

�

�

H

�

�

H

�

<

H

=

�

H

�

H

A (16)

Furthermore,if �

H

�

�

H

�

�

H , we notethatthe�rst termin theRHSof (16)canbewrittenas

�

�

�

�

H Tr �

�

�

H

�

�

<

H

=

�

H

�

� �

H

F

�

�

H
Tr �

�

�

H

�

<

H

=

�

H

�

�

�

�

�

�

H Tr �

�

�

<

H

=

�

H

�

� �

H

F

Tr �

�

�

H

�

<

H

=

�

H

�

�

�

�

�

�

H Tr �

�

�

<

H

=

�

�^O

H

	

�

� �

H

F

�

�

H
Tr �

�

<

H

=

�

�^O

H

	

�

�

���

H

where

���

H

�

�

�

�

�

H Tr �

�

�

<

H

=

�

�^O

H

	

�

� �

H

F

�

�

H
Tr �

�

<

H

=

�

�^O

H

	

�

�

�

�

�

�

H Tr �

�

�

<

H

=
�

H

�

� �

H

F

Tr �

�

�

H

�

<

H

=

�

H

�

(17)

Finally, wede�ne

�

�

&

H

�

�

�

�

�

H Tr �

�

�

<

H

=

�

�^O

H

	

�

� �

H

F

Tr �

�

�

H

�

<

H

=

�

�^O

H

	

�

�

�

�

H

�

�

�

H

�

�^O

H

	

� �

�

<

H

=

�

�^O

H

	

�

�

H

� �

�

�

H

�

�

�

H

�

�^O

H

	

�

�

<

H

=

�

�^O

H

	

�

�

H

(18)

where
�

�

H is a vectorof length � independentof, andidenticallydistributedas �

H . Notethat thede�nition

of �

�

&

H is similar to thatof �

& in (16),exceptthat �

H is replacedby
�

�

H and
�

H is replacedby
�

�^O

H

	 .

Puttingtheabove equationstogether, wehave

�

�

Tr �

�

�

�

�

�

Tr �

�

<

H

=

�

�

�

�

�

�

H

�

�

�

H

�

�^O

H

	

�
�

�

<

H

=

�

�^O

H

	

�

�

H

� �

�

�

H

�

�

�

H

�

�^O

H

	

�

�

<

H

=

�

�^O

H

	

�

�

H

�

�

�

�

�

&

H

�����

H

�

�

�

&

H��

�

�

�

Tr �

�

�

<

H

=

�

�

�

�

�

�

&

H

�����

H

�

�

�

&

H	�

wherethe
�

�

<

H

=

���

�

�

<

H

=

�

�

�

<

H

=

� �

�

�

	 and
�

�

<

H

= is obtainedby replacingthe�rst columnin � by acorrespond-

ing chip-synchronousvector
�

H

�

�^O

H

	

�

�

H

A

Repeatingtheabove procedurefor eachof the 


� vectorsin � , wehave

�

�

Tr �

�

�

�

�

�

Tr �

�

�

�

�

�

�

�




�
�

�7H

�

�

&

�

�����

�

�

�

�

&

�

�

�

�

�

Tr �

�

�

�
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where�

&

�

&

���

�

and �

�

&

�

arede�ned at step 2 , analogousto therespective de�nitions in (16) - (18). Also,

notethat �

<

�

= is obtainedby removing column 2 from
�

�

<

�

6IH

= , with
�

�

<

�

=

�

� and
�

�

�

�

�

<

�




= . Thus,
�

� is the matrix formedwhenall the 


� interferingsymbolsarechip synchronous.Now,
H

F

Tr �

�

�

and
H

F

Tr �

�

�

�

converge to theSIRsin theasynchronousandchip-synchronouscases,respectively. Hence,the

remainingtaskis to show that 


� convergesto zeroin mean-squareas �

&

���

- , with ��������� .

From(16),we have

�

&

�

�

�

�

Tr ���

� �

� �

H

F

Tr ���

� �

�

�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

where �

�

�

�

�

�

�

�

�

�

�

<

�

=

�

�

and �

�

�

�

�

�

�

�

�

�

<

�

=

�

�

. Note that �_�

�

<

�

=

	 �

H

�

4

�

2 . In addition, if
�

�

�

is bounded�

2 , it canbe shown that �

�

and �

�

have boundedspectralnormswith the boundbeing

independentof 2 . Consequently, by Lemma2,

�

�

�

�

�

�

�

5�
 N�


�

�

�

Tr ���

� �

�

W

�

�

�

�

�

�

�

�

5�
 N�


�

�

�

Tr ���

� �

A (19)

This convergence,alongwith the factsthat thespectralnormof �

�

is boundedandthefunction
H

H

���

�

�

for �

�

� , imply themeansquareconvergenceof �

&

�

to zero.Speci�cally, wehave

m

�

�

&

�

�

�

�

�

H

�

(

�

�

(20)

where �

H is aconstantindependentof 2 aswell. Thesameboundwouldalsohold for E
�

�

�

&

�

�

�

.

The�nal estimatewe requireis for ���

�

. From(17),wehave

���
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�

�

�

�

Tr �

�

�

<

�

=

�

�^O
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�
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H

F

�

�

�

Tr �
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<

�

=

�

�^O
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�

�

�

�

�

�

�
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�

�

<

�

=

�

� �

�)�

�

�

�

H

F

Tr �

�

<

�

=

�

� �

whereO

�

is theintegerpartof �

�

. In general,sinceTr �

/

�

�

is aninnerproductfor � � � matrices
/

and

� , wehave

�

Tr �

/
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�
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�

�

�

-0/ -
-

�

�

�

-

�

S

�

���
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-

�

�

�

-

where
-

A

-

denotestheFrobeniusnorm.Consequently,
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�
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(21)

and
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<
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�
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=

�
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�
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-

A

Again, sincethe function
H

H

���
, the randomvariable

H

F

Tr �

�

�

<

�

=

�

�^O

�

	

�

andthe symbolenergies
�

�

�

are

bounded,wehave

�
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�
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�
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�
-

�
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�

�^O
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for someconstant�

�

independentof 2 aswell. We now applyLemma1 to notethattheRHSgoesto zero

for all realizationsof thedelays�

�

� O

�

�

s

�

. Hence,wehave that ���

�

convergesto zeroin meansquare

for all 2 . Moreprecisely, from theproofof Lemma1

E
�

���

�

�

�

�

�

�

�

�

(

�

�

���

�

�

�

A (22)

Finally, using(20)and(22),we have
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�

�

�7H

�

(

�

�

� as ���

- A

Theproof of proposition1 is complete.The implicit equationfor theasymptoticSIR is thenasderived in
* 71 .

C Proof of Proposition 1

Theproofof Theorem1 reliedontheone-shotassumptionmostimportantlyat the�rst step,viz, in reducing

theSIR �

� to thetraceof thematrix � . When 	 � � , wehave

�

�

�

�

�

�

��� �

�

� �

�

�
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�

�

A

Thesymbolsof thedesiredusercorrespondto � � ��& A A A�&

	

�

� . Notethat,sincewe aresynchronized

to user1, thereis no intersymbolinterferencebetweensymbolsof thedesireduser. Hence,thematrix � is

thesamefor � � ��& A A A�&

	

�

� , andinvolvestheeffective spreadingvectorsof all thesymbolsof all the

interferers.Furthermore,thevector �

� is of length 	 � andcanbewrittendown as * ��& A A Ai&+��& �

�

�

&+��& A A A�&+�;1 ,

wherethenon-zeroentriesgofrom theindices�

�G��� to � �

�P�

	

� for symbol� , � ����& A A A#&

	

�

� . Hence,

applyingLemma2 with �

�

�

� and �

5

��� for all D 7

� � , theSIR for symbol� is givenby

�

�

5 
 N 


�

�

�

�

�

�

�

�

�

	�A

Thus,theSIRreducesto a partialdiagonalsumandnot traceof thematrix. For any 	 , the�rst interfering

symbolcorrespondsto theindex 	 , andhastheeffectivespreadingvector �

� . De�ne �

�

� �

�����

�

� �

�

�

�

�&�

�

�

�

�

	

6IH

, where �

�

� � is formedby removing thevector �

� . Applying thematrix inversionlemma,we then

have
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�
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which impliesthat
�

�

�

�

	��

�

�

�

�

�

� �

	7�

�
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Now, wepartition �

�

�&� into 	 submatricesof size 	 � � �

�

�

�&�

���

�

�

�&�

* �;1 & A A A#&

�

�

� �

* �\1 & A A A#&

�

�

�&�

*

	

1 	

where �

�

� �

* �\1 is formedby choosingthecolumnsfrom �

� � � to � �

�/�

	

� . Since �

�

� � is symmetric,it

is easyto seethat �

�

�

�

�

� �

�

�

���

� �

�

� �

� �

���

� �

�

� �

* �\1

�

�

�&�

* �\1

�

�

�

and �

�

�

�

	3�

�

�

�

�

�

�&�

	��

� �

� �

�

�&�

* �\1

�

�

�&�

* �\1

�

�

�

� �

�
�

�
�

�

� �

�

�

A (23)

Theform of (23) is similar to that in theone-shotcaseexceptsthatthematrix �

�

�

�&�

�

�

�

<

H

= is replacedby

thematrix �

�

�&�

* �\1

�

�

� �

* �\1

� . Theonly propertyof �

�

<

H

= requiredin theproofof Theorem1 is thefactthatits

spectralnormisuniformlyboundedfor all � in obtaining(19)and(21). Sincethematrices�

�

�&�

* �\1

�

�

�&�

* �\1

�

arepositive de�nite, we immediatelyhave

���
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�
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�
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*

D

1

�

�

� �

*

D

1

���

� �_�
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�
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(

A

Thus,thespectralnormof �

�

� �

* �\1

�

�

� �

* �\1

� is uniformly boundedaswell. Theremainingstepsin theproof

of Theorem1, viz. thede�nitions (16) - (18)andthetechniquesto boundthem,cannow becarriedthrough.

In particular, notethattheapplicationof Lemma1 holdswhen 	 � � aswell.
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